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SUMMARY
An empirical equation is proposed to account for stress ratio effects in fatigue crack

growth based upon the crack closure concept. It is characterised by two fitted parameters.
The new equation is used to establish effective stress intensity ranges for three sets

of extensive crack growth rate data from the literature covering the stress ratio range
-I 1< R < /. Least squares best fitted Paris equations are then used to predict crack
growth lives for comparison with the individual originals. ,4ctual lives are almost in variably
within the range from 113 to 2 times those predicted.

The study shows that even better fits to the data would result front using a siginoidal
growth rate/effective stress intensity range relationship. This approach is being followed up.
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1. INTRODULCTION

The sig~nificance of the obse \ at ion b\ Fiherl that thle f'racture sui faices of cracks in specimens
undergoing tensile fatigue loadings remain closed during thle losmer stress part of, thie C> dlc hias
now become generally appreciated. I[here can he no doubt that thle phenonienon must mlodit,\
substantially the manner in \% hichi thle behiajour of cracked regions to subsequent fantiu loading
is assessed: in particular. alloN~anCe fOr Consideration of' crack closure in predictis e fatigue
crack gross h modelling .s ould seem to bec mandator\.

In this Report, seseral eiiprical models ss hichl has e been proposed tor relating crack
closure to stress ratio are considered hriel. .and a more tle~ible empirical model. t'ree of' most
of the limirations of earlier models, is preseltd. [hle abilit\ of the ness model ito condense crack
growth rate data obtained at sew ral stress ratios is then examined. Inmalls. predicted crack
grosm h cur' es obtained f'rom the condensed gross h rate data are compared "sit h experiental
data, and res eal (surprisingk~) little scatter.

2. NMOIWIS FROM~ THEI ITERATURE

In this Section wevral miodels from thle literature relating crack closure under constant
amplitude loading and stress ratio are examined and comlparedL.

2.1 Elber, 19711

The first proposal rvating crack opening stress*.,. and thie other Qecle stresses S
anid S,ij to stress ratio R \\ as imade b\ ib er in thle fo rm

I (N~wk 5~q.) t.%, S,..) /(R) (I

"shere U %% as defined as thle efl'ectis e stress raniec ratio. F or 2024-13 alummiiuni alho\ data hie
found thlat

I 0-4R 05 t-

approxinlately'. in the range 0- I! R 0-7.

Fromi (I) and (2)

SS 1 11:1i\ 0 4R- 0 h IR 0. t

This exprevssion is shlos it as thle upper cujrse if) lig. I. along ss oh thle data1 onil \liichl it is
based. Schiijse- has pointed out that since (3) has a mliniimum at R (1 125 it cannot p~ial
be correct f'or R<K 0- 125 Michre the crack opening stiess must continue either to dcre*ase
or be as~ mptotic to some constant loss les el.

2.2 Bell and Creagcr. 1974:1

Bell and W~olian, 19701
FEidinott and Bell. 1977:,

In miodellinig crack gross uitnder s ariable amplitude sequence,,. the abos authors haw ;liso)
used tilie concepts of crack closure. I lie ha s~e litfted emin rical ,qtuat ions of thle foll o\\ in g fo rn

* No distinction is niade here bet weeni opening stress and closing stress,. Alt hough thle
Phe no menon is kiii w i as crack clo sture. it is actualkl crack opeiniig d uriniig thle i ncreasinog part
of tilie loaid inog cycle whIichI is of in te rest.



t to Aluniniutn and titanium tllo% data inl tle ratice I R'

where the subscript-. I and 0 refer to R' \ alties. IlIlls eILiIA 01ll is t1CihiliIts InI that tile opeIltill
stress ratio S. S l, , must he speciticid at R' 0 anld R 1. alonig \N th thle es\potllcl ' On
thle other hiand, there is. a mnajor de tie e ne: at R< I the \AI ta t SeI£,, . d 'cs Vot necessal,.
equal one as is. reqired: as R' - 1. the in i11iniinu si tess a pp roaches tilL itla itU li as Miiust

the opening stress. Rcprcscn tatis e %atu Li ' of ile conistants 1 tr( m Refterence S t'or fou r ahiiniumi[ i

alloys and three titanium adloss are cisen inI Iable 1. their pilots being shiossn inI Figure 2. F~igure
3 shosss a redrass me tit' l'ieure 211 tif Refecrence i. hniehtiiu 01111 the \ariahilit\ \khich is, a tecature
of crack opening mecasuremencits.

2.3 Newman, 19761;

Ne\snman ca rried out a t iso-d initil n a ialiiite eltiiit a tia I sis u sillg an illastic-perfectis

plastic miaterial to predict crack closure atld crack opeingll stresses during, Cselic loadling. Pre-
dictions %\cre miade at R' 5 alis ot' 1-0. 0 s,. 0 anid 0-5 UNsIite t\\0 \ IS al 1' oF, ( raio ot1
maimluilli stress to \icld stress. Wieii R' 0, andlk IirrscNX tito tile N 5 ;, 1,1 5 hIes Used.
predictions agreedl \cr- choset h\ is tilt those of' I Her. I Cyure I. llimcser. t'ol R - 0 iltle~cl-ces
In predicted NS,, dilicapa. iccorditt±o to the ra tiol S,"Al S, ,I I thle lrer tills latter. the losser
is S"I Sinai. Mole tiilportall\ 1, fir pasei purpIIoNss ie. tile prectIMotls% cotlitill the
intuitise nion o1 ai1 )aNs11mptoie ) deccrease ill .S, 1, Sa f'or increasitlel tilca.tise R'.

2.4 Schijlie. 1979,

Scltijs e has adopted a1 cubic p~ol~Itotiali and used it to conldenise 2024-1 1 \lclad crack
gross lt rate data inI thle range I A'- < I

HIis equation is serv similar ito that of' I[(er IOr R' - 0, but corrects Its unlsatitaCtors
perf'ornatlice I'r R' -~ 0. Figure 1. Schijs e points out thtat I5) has a ecr\ \seak millimuli at
R' 0-07: it Aso has aI %scak ttluiun at R? I. Bloth slope (Sop SN, 5 I' and litagitude

N'''qI, are unitN ait A' .
Altltougl no esplanat~jiotI Is ollcered is to) loss the LcelicetIltstl 0S) %sere deterillted. it \Is ll

be seetn later that the collectisec choic Is a 5 er\ Iiapp\ otne tot the particular dalt Used. lltfrrilL
data 1M\~ \selt require other coetliciciti \saLuCs their dectermitIIIation \\Iill be tlo simlple task, it a
salasfa.ctor\ solution Iis t c hebuild h\ trial and errot

2.5 Summary

1.SClj\Ces torill It'llI'ot r 2024-131 inl the range I -- A'- I represenits a stigliticailt
ilprowietlt oser that oit' iber. is Ich "~as Ililited to thle railee 0 I -AR' 0 -7

2. Nessinan's, tinite elemlenlt predictions conftirm the geileral ttend o, a tlatteillii out of,
tile .S,,,~ \erSus, R curse hI'r itlereasitgii neatise R'. [ or R? 0. tile predictionis agree siell
with those of' ther and Scltijse.

3. [h le mlodel of' Bell and co-authors. ('or the ran~ge I R' I . althloughi possessinig
unusual limitinlg salues br somle ilaterials. tioes, Ilas a Ilesibilits ssc hellih othler atials tical
models lack. Although \ aluies are required for- three cotistatits ill cach to01lllulatio It'l(ie cUrses
of Fi gu re 2. foir tw~o a llo\t groups. suggest t hat a f*,t in i I of cursecs fo rmed 1'no i lioine basic cuirieC

miighit silice. Fhis Idea is pursued iii thie olsig

* Since this Report WsAS ssIttenC. futhelr D~utchi aILsits Ill tisl areal 113s beetl publstled

(Refs. 12 and 13),



3. PROPOSAL

The crack openinge data and thle f'orns of' hie en piricad modelfs rcoci essed in Sect i on 2 and

shown ill Figures I and 2. suggest the 170flowige boundlar\ onditionls. ks ilih hlae been adopted

here, for the relationship between S.,,, S and R:

2. (SOPS 1 5 )' I at R I

3. (S~il S~jt 0) at sonmc specified lo\% alue ot' R. X %a\, Meoms ,kichi .S,,,,1S t;i is

constant.

4. (S ,pSit,,j - 0 in thle range X A R 1

i.e. there are nio points of intflekion. 13> sett ing (S ..S ao -' 0 at R A. thle second

derivative (as %,ell as file first) becomes continues in1to thle 1conlstanlt S.pS,;\ region

hewond R X.

A cubic polx noniial in R confbOrning ito thle abose bouiidars conditioiis has. for glisen .

thle follow ings unique solutionl:

Rt .3A R- 3A -R (3Y (0)

where thle subscript refers to an intermediate stage inl thie process oft' establishing a relationsip

betwkeenlS, £1 ,\ and R.

lor X 1, the lower limit of' R considered b\ most of'lthe models ekainimied in Section 2.

(6) becomes

(S.1 SRJ1 R' R 57
12 4 4 12

[his is shown inl Figure 4 alone wkith thle relationsimps.eq. 6i. fotr neiw buii sle f

Although (0) has tlemibilits in that AX may be arbitrarily chosen,. thle choice automiaticall\

tiwes the entire curve, including thle hex el of' YI XY1;t f, t A ? R X. According ito material.

Fiigures I and 2 suggest. for e \anliple. a range f'rom about 0 -3 to 0 -5 at R I. (leark, . for

givenl A. a shlift inll S, .11i is FCrei to aICCOnmniodaic this %ariion. and ai mitable one takes

thle I'olfoss ing form:

S,,1. '5 ma\ . . Sii.t)rif fI I .5j . I'mo-)00) 0 ,

whr S M S,, 1 is a Function onl\ of' R and A. gisen here hN eq. (0f. and / is a shif't paramleter.

Equation (8) also satisfies the boumlidar\ conditions gisenl ahose. Representatise fanilies of*

shifted N5 p !,\ %evsus R? for X I and 0 - i re show, n inl Iigure 5.

Thus in thle proposed formnulat on ((6I and its shif'ted \ersion (S) there is complete f'reedoni

to choose:

a) thle limliting lower a)u if" R ( R A ) at w liich the .ST N,,, s rsuN R curse reachecs

/cro slope and cuirsireN, and

Nb time required magnituide ofit'5 ,.. at this poinlt. 11 Choice of' anl a1proprite \a~lu

of' sifft parameter. /

Specification of' these two paliriciters delfiies colitiletels tile relaitionsfiip betweenci 8,1, 5S

and R.

4. APPIC(ATIION TO C'RACK GtOWFI RATE DIATA

Fiber proposed that crack closure coincepts iight be usefu il i extplainling '.he knoss ii quaflia-

tive effect of' stress ratio on crack grow t i. In particular lie stjggesiti~ that crack gross h rate

wats not so much a f'unction of' thle stress infensits range AA as of' thle r'lb noi stress mmmten..mt\,

range AA.-n. i.e. tfie difierence betwecen thle masniim stress 11Cinti id LIlthat corrspondkinlg

to crack opening 'I bhis. iii place oft .\K in thle Paris equation:

daI(I BA liA"



where

AK I..... h

there should bv subsritulcd AA',0 ,

where

Since the crack opening strecss, Sop is a function of* R (eqs (l anrd 8) (lie crack opeimn st ress
interisiN A:,., is also I function of' R. Yhus. at plot of' log da d% \ iesuii Ak-ft. %% IIch Includes
data at difTering, R kalues. shouild hiae associated l.\thi it oids the \ariabilits In crack gross tl
rate itself'. as \kas first demonstrated bli [Ibcr usinet- data from~ Reference N.

The effect eness, of fihe lb rrrr ii at ioTn pro po sed III Sect ion 3 has bee ca u at d u sin nitc e
published sets of estensix e~ crack o' iidata : those of Sclrijs &- on 2024- 13 Alclad shieet and
those of' 1-tudson" on 2024- V1 anid -071 It aIUlumiium llo Ilh\Ict. IheISC dat1a set', are sllos\ it
in Figures O~) (b) and Mc inI terms of' the corientionial da dis \ersus AK pllots. 'I t( obser~ able
groupiins of data aic aissociatcd \lthl fihe dithrliiie R \.allus used ont test. Shlris data on 2024-1 1
Ailclad shieet are cisen iii the Appendis io) Refereice - ir terirs ofd~a d\ and AK, and hiase been
so used hlere: H Lidlson s datai alre gil en III Refcernce S III terrIrs oIf' c\CeS t i en crcltlis.

Thes latter htalie beenI itted b\ cub)ic Nplinecs. from11 ss hichi the den atises atl fihe 12rsen craick
Ieigt lis Ilasc epros ided tilie reqired da d \ daltd aI lie co ne spolii ig' stress in te iisitles \\c
Obt a ined as, i ndicat ed beCl o ss

For the cci)rals lionel i-cracked spcimei used i ll t hrrecse s 0ittills t IC stress
intensit\. A.at tile crack fill is gici en b

K, S (77,11) 10)

%Nhere S is the remote applied stress1, 11 Is theC semiI-crack leirethIIL1 i fil ~e tiitI \I itli corr-ection
fatctor eis en b\

If being tile total d\ikl it fl tIrespcirii.II

Ilie effect is e stress initisit\ A k-.~ lt kic III eq. (1) 1i s Hicorei ir h\

%%hrere S,,, SIM Iisle function of' R. II .ii1d / d\Cii b\ Ckuat lisII i6) Mird 18SL
Since AKor. f'or each R \\as nrot rieisicrd Oni tst, but Is beHig mle~dCL trere b\ Cquilorrs

(6). (S) and (12). thecre is flesibtili\ III cloosirrg I ird /. arid SOIrre appropriatle criterionl Is
requiredI inl mlaking that ch~oICe. IieC led'is squaresC' enterII 1iiha beenl adoptedl Irere " \\liereb
tile sunms of' squares of- residuals obtainied b\ tilttire Paris equLain to the data for at rarree Of

A./combinations are compared. I riat particular eoriIInatiloll \Clirg thle smlleist s'uml of
squares then pros ides thle best po-siblC tit Oft Ire present ITrodLC to tle datad Ile (COnIputeisedC)
procdure is ats fohlo%%N:

1. Select .1 and / fronr tire railges I - A- 0 anrd 2 /-

2- Cahculate AKs.fr for eserN data point uising equations 1b). (S) and (112).

3. Fit at Paris equnation (Q) to tire dlata espress'ed ats log da /\ Nersis log AAkItr anld nrote
the sum of' sqtuares of Ire log do 1d\ residuals.

4. Repeat steps 1, 2 and 3 for all A. /pairs ito deterurunrec thrat pair \efdiirg thle irriiu
residual su ii of' sq iiares of loig daI\

*Although the crack gromxh rate data of' SCiiIe aid Hudson frake not1 beenI deliked InI
'in identical mariner f'rorn tile original test dlata, it is thioughit ruilikel N that fills tact is of conse~-
q uence here. I )a I Fr niifftere it souirces are nrot be in g coimipoun ded

4



Examples of' the residual sumis of' squat es of beou daI. assoc:iated ssi tile regressions:
are shown inl Figures 7(a). (bt and fc plotted against A for secrcal saluvs of'/ 'I hat particular
AX, Z combination \AIldinii thle minimnum slim of sqUares is noted inl eh eaise It canl be seen
that for both sets of' 2024--13 data the influience of- the ,111t~ fliaanetCci / oln thle resid~ual SLIM
of squares is %erv much less than that of thle ltress ratio ass" \nptote A . for the 7075-16i data tile
influence l / is rather more significant the tamils (1i' / c-irses do not coincide to thle sanie
extent inl thle minimlum sum of squares region.

A plot shoss ing thle optimum S,,,S,,. sersus. R curse, fori thle thiree data sets , losi
inl Figure 8, and the Corresponding transtfbrnid crack grossth rajtc data, esprcssed fin ternis
of AA',.f, are shoss% nf in Figures 9 (a) ( b) and ic). I hie least squares titled -straight lines, are also
shown, along wkith thecir equations. I hie etlectiseness of taking R Into ac:count ill tfill %s\sas is
very clear.

Cumulatise probabilit\ plots, of thle residuals ire shossn in F-igures l0(tt. (M and to Using
normail ordinates. The plotting position, P', used f'or tile ith residual has heen determine1d fromt

I', (i o t r)I

for large r. thle total number oft dat a points, after Referenice 1). Also sIlo\Nt iio thle figLures are
smoothed Kolmnogoros -Sm irims Li ", conlfidenlce bounid,, based on ire gis en number of datat
points inl each ease assumed perf'ctl nornialls distinbutedI Although fI gures 9 indicate that
the common vssumrpfloii of' normlitsi of' log crack cross tl rate data is not seiousl challenged
here for thle transformed data. tie application 0f the mnore stringenit test shlums that only the
transformed 2024-11 data Of Flitidson formn in empirical distibution M101il does nlot differ-
sign ihlcanmt fy fromin time correcspondig normal. [able 2. column 2.

Reles ant datat associated ss ifti thle regressions, are tabulated iii Fable 3. Also eisen theree
are the results of applking SchijsesN eqluation (5) to thle data. I[lie minimmilumn sumls of, squares are
seen to be little higher than those of the PIeCC1t fomltosI ests, based oi thc s\iriatice
of the residuals for both Models lhiO%\ no0 siiilieanlt differences for tile 2024-13 data sets: for
7075-1Y6 howeser thle present formulation is sienilicanils better the \iriance ratio becomes

significant at the I ", lcsel. Mleinil comparisons of" C and n. thle Paris Constants. aire not
possible Since thley operate onl different equations ff6). ti) and (12) for the preseiit f~irmnUlatiOn
and (5) and ( 12) in) Scliijse's Case).

:5. CRAC:K GROWI 1'RLIClf(IO\

The best fit Paris equationls isa e1% hiss C been use ti prec(t tilie ci aL k Lcross) h\IC es bt sCCII
the sucessise crack lengthis as established On test and gisen ill tile original refeCrences+. I lie
expectatiiin is. of course. that the predictioiis a ill, onl aserac. agecIf titlte data frlimls hic)li
they dens e. These predictions are stoios in I-i gui es I IIat. Nb and Me ec pressed in termis of
(test cyclecs predicted eseles). echI beCtssCCn tile sonIic is oCrack lengthi, plotted agatmist AK,,
based upon final iters al crack lentgth-

Figures 11 shioss that. os craill. tilie ah bo \ pct itoil is, icallself. 'I here cam ibe seetn lioss eer.
in all three graphs. ser\ clear indications of' af ss\tcwnl~tc -stiakitie' trend of' the tio ss itli
A Aim1. a nd tlie rea soni is read i seeni from in igure- 9 I fie datat pints there do. of' cour'e. I fill
in the intermediate section of ttic oscraill S haipwd or sigioidail do IA sersus AA, I plot. I lie '
should, therefore, be even better fittest hs an appropriate illmidal curse% Points falling hclo%
the regression litec on Ifigure 1) beeotie points aibois units oni [icures I1. and sicee sersa: tile
tendency for increased sarmability at lows AK%.. is rio doubt due. at least In Part, to Infacc UrIaOCne

* Prelirritmarv anal\ sts sliimsCd t hat thle CIrelcif data p)ointsI I Figures 6fa ) aiid ()ife i e

falling inito thle increasinlglyr steep) finail reC'momi f' thle s imidat cratck gross iii rate curse besond
thle central (and nomninially, incirt regioni 0 nsidemcd mere. I mose data Points hase been) onmitted
in further analysts.

t In establishing suic of tile origitial crack pross th datal ili 2024-13 .\lciad sheet Ituii
which the grossfh rate data sumriselld In Reteremee 7 ssere batsed, it ssas found that tile total
number of at \s V datat poittts ecded simbstatttalks tile total number of ulerised do d \ data
points. Thtis fact accounts for thle filt-rmnr ialhies entered ont I igures, 10(),~ atid I hft atid I12ta



associated A~ith measurements and deris at ions at shorter crack lengthi1 I~ Il-CSi. I I sho10\ thatt

the test cseles predicted cscles ratio falls. for file most part. bcts% ccii 1 3 and 2.
This same fact may be seen more readis fr-01m tile cumlLJIat is frequcrnes plos s 01 I cureF 12

where the ratio serN seldom ewcds 2 and is seldomn belsiss I 3. lhtes grapils reflct bhihas oursN
similar to their counterparts of F-igure 10. although. in the case of' I igure I 2jc . anl Iiercased
des iation fromt the normal takes it outside es n the ss eak K olmogoros -Smi rnos 95, imit
Thle results of V2 tests to chieck goodness-of-fit %k ith the corresponding normials are similar to
those of the data of F~igures 10: only tile 2024-13 data Of Hu Ldson do not differ significantl\
fromt normal. Table 2. columin 3. The ,ariance ratio tests listed in Table4 sloss that thle diffurenies
betwecen variability in log crack groml t rate and that ofl' og iffe ratioi are iiot sis-iiica'iit for
either of the 2024-T3 data sets: for the 7075-16 dataI tlIC\ are. lis se.siidniicant at filo
level.

6. CONCLUSIONS

1The crack opening concept leading to effect is . as opposed ito nominal, stress intenisit\
ranges in fatigue cvel in g hias pros ided a sounld has is fo r qua nti f i ng tlie kiiml i effect1 of stress

ratio onl fatigue crack gross tlt rate. Ses era; eiig imodels hasc e'l eenined is) t his Report.

2. A flexible formulation relating crack opeiiig stress ratio s itli consentional Ntress ratio
(based on a third order polknomial and requiring for its definition tss o itted pairaiietersf has

been applied to three extensiseconlstantl IampItudeCrCtk rositrate data sets fomi thle literature

(2024-T3 Alelad. 202-4-r3 and 7075-TO shet itiaterials)- Paris equal ions tiaxe bee:n least squares

fitted to the log doa d.\ data expressed in terms of log AR,0 it IIeach ease.

3. Actual gro\stll csclcs oser cixen crack leneth increinits falll almost ins arial ss thin

the range fromt 1 3 to 2 titmes those predicted LiSitgL' tl Cie eudt otis.

4. The stud\ shosss that esecn better- fits ssould be attainable ustlig. Inistead of, the liitcar

relationship assumed here tile knoss i os erall siumoidal relaitionship bctssei crack grossil

ra-te aind] effective stress intensit rang~e. T his approach is being follossed Lip and should pecrittit

realistic extrapolation into thle loss and hight cralck ci ossli r.it, rcions bes ond those of' the
present data.
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iEidinotf and Bell's Equation. Ref. 5
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M a t ec r i al (.S , 1 .S 1,, , ) I (S I ,, P

Ti-6AI-4V I1:B WcId)J
1 i-(,..\1-4V (S I- 0) 30 11-1 0 400 3 33

i-6,AI-4V i ., nlflclcd) 1

22(. ll 14- 04 430 1.
1024 P851

2024 13 0450 0 500 3-42
707i I(5 1 0450 0500 3

I-hese cquatiow, airc plotted l Figre

riII.I 2

Sunmlary of .- 'Test on log (rack Grosith Rate
Residuals and log life ratios

l)ata Source Rc"Iduai, Ratios
I IL's, 10) 1:L's 12)

Schij'c 2024- 1 3 Alclod 36-4 21 o
iludson 2024-r3 3.5

Hudson 7075- 1(6 22 7 1V I

95,. 2,17

5",, 14.1)7
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TFABLE 4

Variance Ratio Tests on log (Groiith Rate and log Life Ratio IDala

20-4-13 Alclad 2024- 13 707i- F6
(Schi~ iiFI~jdOfl udsonl

D ata

I g ite~ I II cii

predicted Iitel 0-1604 &2 -0 134 2011 0- 151I 407
log! (da .NI 0-140)4 4-11 0. IS0 -108 0-135 40)7

(Sts-.) I -13 1 -032I 242

5I, -154 1-257 1 177
I', iI 260o

Sigifn'icance N. S. N.S Sig.

*See toot nlote. scton
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